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VIIL. An Account of a Book, intituled, Harmo-
nia Menfurarum, five Analyfis & Synthefis
per Rationum & Angulorum menfuras pro-
motz : accedunt alia Opufcula Mathema-
tica : per Rogerum Cotefum. Edidit & auxit
Robertus Smith, Coll. Trin. Cantab. & Reg.
Soc. Socius; Aftronomiz & Experimentalis
Philofoph. poft Cotefium Profeflor. Cantabrigice
1722. in 4to. Proftant apud Bibliopolas
Londinenfes.

HE Book confifts of three Parts. In the firft,
called Logometria, the Author’s chief Defign is

to thew how that fort of Problems, which are ufually
reduced to the Quadrature of the Hyperboia and E/-
lipfis, may be reduced to the the Meafures of Ratio’s
and Angles; and afterwards be folved more readily
by the Canons of Logarithms and Sines and Tangents.
He defines the Meafures of Ratio’s to be quantities of
any kind, whofe Magnitudes are analogous to the
Magnitudes of the Ratio’s to be meafured. In this
Senfe any Canon of Logarithms is a Syftem of nume-
ral Meafures of the Ratio’s of the abfolute Numbers to
an Unit: The Parts of the Afymptote of the Logiftic
Line, intercepted between its Ordinates, are a Syftem
of Linear Meafures of the Ratio’s of thofe Ordinates :
The Areas of an Hyperbola, intercepted between its
Ordinates to the Afymptote, are a Syftem of Plane
Meafures of the Ratio’s of thofe Ordinates : And fince
there may be infinite Syft¢ems of Meafures according
as
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as various kinds of Quantities are made ufe of, fuch as
Numbers, Time, Velocity, and the like ; or accord-
ing as the Meafures of any one Syftem may be all in-
creafed or diminifhed in any given proportion ; in fuch
Variety much Confufion may poffibly arife as to the
Kind and abfolute Magnitudes of particular Meafures,
which happen to. fall under Confideration. OQur Au-
thor very happily removes this Difficulty ; by fhew-
ing that the Nature of the Subject points out the Mea-
fure of a certain immutable Ratio for 2 Modulus in all
Syftems, whereby to determine the Kind and abfolure
Magnitudes of all other Meafures in each Syftem.
The firft Propofition is to.find the Meafure of any
propofed Ratio. ‘This he confidersin a.way fo fimple
and general, as naturally leads to the Notion and De-
finition of a Modulus ; namely, that it is an invariable
Quantity in each Syftem, which bears the fame Pro-
portion to the Increment of the Meafure of ‘any pro-
pofed Ratio, as the increafing Term of the Ratio bears
to its own Increment. He then fthews, that the Mea-
fure of any given Ratio is as the Modulus of the Sy-
ftem, from whence it is taken : ‘and that the Modulys
in every Syftem is always equal to the Meafure of a
certain determinate and immutable Ratio, which he
therefore calls the Ratio Modularis. He thews that
this Ratio is exprefled by thefe Numbers 2,7182818
&c. to 1, or by 1 to 0,3678794 &c. So that in
Briggs’s Canon the Logarithm of this Ratio is the
Modulus of that Syftem: In the Logiftic Line the
given Subtangent is the Modulus of that Syftem : In
the Hyperbdola the given Parallelogram, contained b
an Ordinate to the Afymptote and the Abfcifs from
the Center, is the Modulus of that Syftem : and in
other Syftems the Modulus is generally fome remark-
able Quantity. In the fecond Propofition he gives a
2 concife
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concife uncommon Method for calculating Briggs’s
Canon of Logarithms ; rogether with Rules for ﬁnding
intermediate Logarithms and Numbers, even beyond
the Limits of the Canon. Inthe 3d Propofition he
conftructs any Syftem of Meafures by a Canon of Lo-
garithms; not only when the Meafure of {fome onc
Ratio is given, but alfo without that Dartum, by feeking
the Modutus of the Syftem by the Rule abovemen-
tioned. In the 4th, sth, and 6th Propofitions he
{quares the Hyperbola, defcribes the Logiftic Line and
fBquiangular Spiral by a Canon of Logarithms, and
thews fome curious Ufes of thefe Propofitions in their
Scholia. Take an eafy Example of the Logometrical
Method, in the common Problem for finding the Den-
fity of the Atmofphare. Suppofing Gravity uniform,
every one knows, that if Altitudes are taken in any A-
rithmetical Progreffion, the Denfities of the Air in
thofe Altitudes will be in a Geometrical Progrefiion ;
that is, the Altitudes are the Meafures of the Ratio’s
of the Denfities below and in thofe Altitudes, and fo
the diffcrence of any two Altitudes is the Meafure of
the Ratio of the Denfities in thofe Altitudes. Now
to determine the abfolute or real Magnitude of thefe
Meafures, the Author thews, z priorz, that the Mo-
dulus of the Syftem is the Altitude of the Atmo-
fphare, when reduced every where to thefameDenfity
as below. The Modulus therefore is given (as bear-
ing the fame Proportion to the Altitude of the Mer-
cury in the Barometer, as the {pecific Gravity of Mer-
cury does to the fpecifick Gravity of Air) and confe-
quently the whole Syftem is given. For fince in all
Syftems the Meafures of the {fame Ratio’s are analo-
gous among themfelves ; the Logarithm of the Ratio
of the Air's Denfity in any two Altitudes will be to the

Modulus of the Canon, (thatis, to the Logarithm of
Aa the
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the Ratio Modularis defined above,) as the difference
of thofe Altitudes is to the aforefaid given Altitude of
the homogeneous Atmofphzre. ,,

He concludes the Logometria with a GezeralScho-
lium, containing great Variety of clegant Conftru-
&ions both Logometrical and Trigonometrical ; fuch
as give the Length of Curves either Geometrical or
Mechanical; their Area’s and Centers of Gravity ;
the Solids generated from them, and the Surfaces of
thefe Solids; together with feveral curious Pro-
blems in Natural Philofophy, concerning the At-
tration of Bodies, the Denfity and Refiftance of
Fluids, and the Traje€ories of Planets. Several of
thefe Problems have two Cafes ; one conftructed by
the Meafure of a Ratio, and the other by the Meafure
of an Angle. The great Affinity and beautiful Har-
mony of the Meafures in thefe Cafes, has given occa-
fion to the Title of the Book. The Meafures of
Angles are defined (juft as the Meafures of Ratio’s) to
be Quantities of any Kind, whofe Magnitudes are
analogous to the Magnitudes of the Angles.  Such may
be the Arcs or Sectors of any Circle, or any other
Quantities of Time, Velocity, or Refiftance, analo-

ous to the Magnitudes of the Angles. Every Sy-
ﬁem of thefe Meafures has likewife its Modnlus homo-

eneous to the Meafures in that Syftem, aud may be
computed by the Trigonometrical Canon of Sines and
Tangents, juft as the Meafures of Ratio’s by the Ca-
non of Logarithms ; for the given Modulus in each
Syftembears the fame Proportion to the Meafure of
any given Angle, as the Radius ofa Circle bears to an
Arc which fubtends that Angle, or the fame as this
conftant Number of Degrees 57,2957795130 bears to
the Number of Degrees in the faid Angle. Upon the

whole our Author thus exprefles himfelf, p. 35. « Ex
“ adduélis
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¢ adductis hactenus exemplis, Geometris integrum erit
« de methodo noftrd judicare ; quam quidem, fi pro-
“ ba fuerit, ulterius excolere pergent .& excolendo la-
¢ tius promovebunt. Patet utique campus ampliffi-
“ mus in quo vires fuas experiri poterunt, prafertim fi
Logometrizz Trigonometriam infuper adjungant,
quibus miram quandam affinitatem in fe invicem
euntibus iritercedere notabam. Hifce quidem prin-
cipiis haud facile crediderim generaliora dari pofie ;
cum tota Mathefis vix quicquam in univerfo fuoam-
bitu completatur preter Angulorum & Rationum
Theoriam. Neque fane commodiora {perabit, qui
animadverterjt effectionis facilitatem per ampliffi-
mas illas, omnibufque fuis numeris abfolutas, tum
Logaritmmorum, tum Sinuum & Tangentium tabu-
las’s quas anteceflorum noftrorum laudatiffimae
folertiz debemus acceptas. Ut vero tanti beneficii
uberior nobis exfurgat fru¢tus, id nunc exponendum
reftat, quibus artibus ad iftius modi conclufiones re-
&iflima perveniatur. In hunc finem Theoremata
queedam tum Logometrica tum Trigonometrica ad-
“ jeciflfem, quz parata ad ufum affervo; ni conful-
“ tius vifum effet, quum abfque nimiis ambagibus ea
“ tradi non poflent, intadta potius praterire atque
“ aliis denuo inveftiganda relinquere.

Why the Author takes his Principles to be {o gene-
ral, will farther appear by an Inftance or two. In the
Problem already mentioned he meafures the Ratio of
the Air’s Denfities in any Altitudes, by the Altitudes
themfelves, making ufe of the Altitude of an uniform
Atmofphare for the Modulus. So likewilfe when he
confiders the Velocities acquired, and the Spaces de-
{cribed in given Times, by a Body projected upwards
or downwards in a refifting Medium with any given
Velocity ; he fhews, that the Times of Defcent, added
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to a given Time, are the Meafures of Ratio’s, to a

iven Modulus of Time, whofe Terms are the Sum
and Difference of the ultimate Velocity and
the prefent Velocities that are acquired : that
the Times of Afcent, taken from a given Time,
are the Meafures of Angles, to a given Modu-
Jus of Time, whofe Radius is to their Tangents in the
Ratio of the ultimate Velocity to the prefent Ve-
locities : and laftly, that the Spaces defcribed in De-
{cent or Afcent, are the Meafures of Ratio’s to a given
Modulus of Space, whofeTerms are theabfolute ac-
celerating andretarding Forces arifing from Gravity and
Refiftance taken together at the Beginning and End of
thofe Spaces. ;

This general Account may fuffice to illuftrate what
I am going to fay ; that fince the Magnitudes of Ra-
tio’s (as well as their Terms) may be expounded by
Quantities of any Kind, the Mathematician is at Li-
berty upon all Occafions to chufe thofe which are fit-
teft for his Purpofe ; and fuch are they without doubr,
that are put into his Hand by the Cenditions of the
Problem. He may indeed feprefent thefe Quantities
by an Hyperbola, or any other Logometrical Syftem,
were not his Purpofe anfwer’d with greater Simplicity
by the very Syftem itfelf, which occurs in each parti-
cular Problem.  And the fame may be faid for the Sy.
ftems of Angular Meafures, inftead of recurring upon
all Occafions to Elliptical or Circular Area’s.

As to the Convenience of calculating from our Ay-
thor’s Conftructions, he thews that the Meafures of
any Ratio’s or Angles are always computed in the
lame untform Way; by taking from the Tables the
Vogarithm of the Ratio, or the Number of Degrees in
the Angle, and then by finding a fourth Propeortional
to three given Quantities ; for that will be the Meafure

required
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required. ‘The fimpleft Hyperbolic Area may indeed
be {quared by the fame Operation taught in the Au-

thor’s fourth Propofition ; but the fimpleft Elliptic A-

rea requires fomewhat more: Thofe that are more
complex in both Kinds (which generally happens) re-

quire an additipnal Trouble to reduce them to the fim-

pleft: to {quare them by infinite Series is ftill more

operofe, and does not anfwer the End of Geometry.

Upon the whole therefore it may deferve to be confi-

dered, for what Purpofes thould Problems be always

conftru¢ted by Conic Areas, unlefs it be to pleafe or

affit the Imagination. The Defign of Theoretical

Geometry differs from Problematical ; the former con-

fifts in theDifcovery and Contemplation of the Pro-

perties and Relations of Figures for the fake of naked

Truth ; but the Defign of the latter is to do fomething

propofed,and is beft executed by the leatt Apparatusof
the former.

The Logometria was firft publithed by the Author
himfelf, in the Philofoph. Tranfact. of the Year 1714.
No 338. But his Logometrical and Trigonometrical
‘Theorems abovementioned were not publifhed till after
his Deceafe. Thefe Theorems make the fecond Part
of the Book, and are calculated to give the Fluents of
Fluxions (reducedto 18 Forms) by Meafures of Ratio’s
and Angles; in fuch-a manner, that any Perfon may
perfe¢tly comprehend their Conftruction and Ulfe,
though altogether unacquainted with Curvilinear
Figures, as exprefled by ZEquations. And this Cir-
cumftance does alfo render the Application of them
to the Analyfis and Conftruction of Problems ex-
tremely eafy. Of this kind the Author has given a
great many choice Examples both in abftract and phy-
fical Problems; which make up the third and laft Part
of the Book.

The
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The Author, a little before hisDeceafe has informed
us (ina Letter of May 5. wrote to his Friend Mr. Fones)
% that Geometers had not yet, promoted the inverle
“ Method of Fluxions, by Conic Areas, or by Mea-
“ fures of Ratio’s and Angles, fo far asit is capable of
“ being promoted by thofe Methods. There is an
« infinite Field (fays he) ftill referved, which it has
« been my Fortune to find an Entrance into. Not to
« keep you longer in Sufpenfe, I have found out a ge-
« neral and beautiful Method by Meafures of Ratio’s
« and Angles for the Fluent of any Quantity which

&
- Butn—1
. . dzz .
« can come under this Form - _, in
‘€+f2$” )

« which 4,e,f are any conftant Quantities, = the vari-
« able,n any Index, 8 any whole Number affirmative or

« negarive, —- any Fraction whatever. The Fluents of

« this Form which have hitherto been confidered are
N p— . bntin—1

dzz dzz
T R : Thefe you remem-

« ber are Sir Ifazac Newton’s two firft, and from
« thefe all his others are eafily déduced. And as his
¢ irrational Forms of the quadratick Kind are derived
« from the rational, {fo from my general rational
« Form I deduce irrational ones of all Kinds.  For in-

o~

S _
« ﬁmeﬁf;_ reprefent any affirmative or ‘negative

« Fracion, the Fluent of any Quantity of this Form
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« y e+f 2" » and fo of fome others, depends upon
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the Meafures of Ratio’s and Angles. Mr. Lesbnitz

in the Leipfic Aéts of 1702, p.218 and 219, has ve-
ry raﬂ}ly undertaken to demonftrate, that the Fluent

of ﬁ_——ﬂ—; cannot be exprefled by Meafures of Ra-

tio’s and Angles ; and he fivaggers upon the Occa-
fion (according to his ufual Vanity) as having by
this Demonftration determined a Queftion of the
greateft Moment. Then he goes on thus; as the

Fluent of x:—a depends upon the Meafure of a

Ratio, and the Fluent of X upon theMeafure
xx+taa

of an Angle; fo he had more than once exprefled
his Wifhes, that the Progreflion may be continued,
and it be determined to what Problem the Fluents of

7

X X
x*Fa*’ a2
fire is anfwered in my general Solution, which
contains an infinite Number of fuch Progteflions.
Ican go yet farther, and fthew him how by Mea-
fures of Ratio’s and Angles, without any Exception
or Limitation, the Fluent of this general Quantity

. bt La—1 - 9"+%”"I'
dz » or eventhis 423
et fzrn+ gz™ e} far1gzathz

may be had ; where 6,as before, reprefents any Inte-

§c. may bereferred. His De-

) ) b
ger, and the Denominator A of the Fraction o res

prefents any Number in this Series, 2. 4. 8. 16. 32.8¢.
any ‘'whole Number being denoted by its Numerator
>.” In truth I am inclined to believe;that Mr. Lezs-

nitz’s grand Queftion ought to be determing}d
< the
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« the contrary, Way ; and that it will be foundat laft,
« that the Fluent of any rational Fluxion whatever,
« does depend upon the Meafures of Ratio’s and
« Angles, excepting thof¢ which may be had in finite
« Terms even without introducing Meafures.

Dr. Taylor knowing by this Letter what the Au-
thor had done, was pleafed to propofe the Invention
of the Fluents of the two laft Fluxions as a Problem
to the Mathematicians in foreign Parts. Mr. Ber-
nonlli in the Leipfic Acts of 1719. p. 256, did Thew
accordingly how they are redacible to Conic
Area’s. The Editor has publifhed the Author’s own
Solution by Meafures of Ratio’s and Angles; and upon
this Foundation has cenftructed new Tables of Logo-
metricaland Trigonometrical Theorems, for the Fluents
of Fluxions reduced to 94 Forms, part rational and part
irrational. . He has likewife added general Notes upon
the chief Difficulties in the Book, together with a Me-
thod of compofing Synthetical Demonftrations of Lo-

ometrical -and Trigonometrical Conftruions, illu-
{trated by various Examples.

The firft Treatife in the Mifcellaneons Works is
concerning the Effzmation of Errors in Mixt Matbhe-
maticks. Ttconfifts of 28 Theorems, to determine the
Proportions among the leaft contemporary Variations
of the Sides and Angles of Plane and Spharical Tri-
angles, while any two of them remain invariable. An
Example will thew their great Ufe in Aftronomy. The
Time of the Day or Night is frequently to be deter-
mined by the Altitude of fome Star. Let it then be
propofed to find the Error, that may arife in the Time,
from any given Error in taking the Altitude. By ap-
plying the 22d Theorem to the Triangle form’d by the
Complements of the Star’s Altitude and Declination

and
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and by the Complemehe of the Pole’s Elevation, the
Author thews, that the Variation of the Angle at the
Pole, and confequently the Error in Time, will be as
the Error in the Altitude directly;'as. the Sine.-Com:
plement of the Pole’s Elevation'inverfely, ahd as the
Sine of the Star’s Azimurh from the Meridian in-
verfely.  Confequently, if the Error in the”Altitude
be given,under a given Elevation of the Pole, the Er-
ror in Time will be: reciprocally as the Sine of the
Azimurh contained by the Meridian and the Vertical
which the Star isin. This Error therefore will be the
fame, whatever be the Altitude of the Star in the fame
Vertical 3 and will be leaft when the Vértical iis at
right Angles to the Meridian. . But will be abfolutely
the leatt in the fame Circumftance, if the Obferver be
under the Aquator. -In which Cafe, if the Error in
the Altitude be one Minute, the Error in the Time will
be four Secondy; If the. Obferver recedes from the
Zquator towards cither Pole, the Error will be. in-
creafed in the Proportion of the Radius to the Sine
Complement of the Latitude : So that in the Latitude
of 45 Degreesit will be 53 Seconds,and in the Latitudes
of 50 and 55 it will be 6% and 63 Seconds refpectively.
If the Star be in any other vertical Oblique to the Me-
ridian, the Error will ftill be increafed in the Proporti-
on of the Radius to the Sine of that oblique Angle.
Laftly, if the Error in the Altitude be either bigger or
lefs than one Minute, the Error in Time will be big-
ger or lefs in the fame Proportion. Much after the
fame manner may the Limits of Errors be computed in
otherCafes,which arife from the Inaccuracy of Obferva-
tions, and from hence the moft convenient Opportu-

nities for obferving are alfo determined.
The Second Treatife is concerning the Differential
Method. The Author havling wrote it, before he il'lad
B een
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feen Sir Ifaac Newtow's Treatife upon that Subjéd,
has handled it after a mannef fomewhat different.

The Title of the Third Treatife is Canonotechnia
or concerning the Conftrution of Tables by Diffe-
rences: It confifts of ten Propofitions, moft admira-
bly contrived for expeditious Computation of inter-
mediate Terms in any given Series. The laft Propo-
fition, which contains a general Solution of the whole
Defign, is this ; Datis feriei cupufcungue terminis a-
liguot equidiftantibus, quorum. intervalla fécanda
Sant in equales quotlibétcung; partes, propofitum [i¢
invenire terminos inter[erendos.

The Book concludes with threé¢ fmall Tracts, con-
cerning. the Defcent of Bodies, the Motion of Pendu-
lums in the Cycloid, and the Motion of Projectiles,
compofed in a'very natural and ealy manner.

The Author has wrote fome other Pieces, yet un-
publifb’d, which the Editor has given an Account of
in his Preface to. the Book.

The Reader will find every Subject treated with un-
common Elegance and Simplicity.

FINIS
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